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1 Introduction

Although turbomachinery is designed to operate under specific

A Time-Domain Demodulation
Approach for Extracting Natural
Frequencies and Standing-Wave
Mode Shapes in Non-
Axisymmetric Turbomachinery
Components

Measuring the natural frequencies and mode shapes of rotating turbomachinery compo-
nents under real-operating conditions is particularly important to prevent dangerous oper-
ating scenarios. However, this task becomes particularly challenging for runners and
impellers because they are rotating, confined, and, in hydraulic turbomachinery, sub-
merged. Furthermore, many existing measurement techniques rely on frequency-domain
analysis, where measurements taken from the stationary frame can produce complex spec-
tral responses that complicate interpretation. To address these challenges, this work pro-
poses a method to extract excited mode shapes and their associated vibration frequencies
directly from time-domain signals. Mode shapes are recovered through demodulation of
the structural response measured once the system reaches a resonant state. Measurements
are performed using a laser Doppler vibrometer (LDV) in the stationary frame. To validate
the method, a simplified model representing an axial turbomachinery impeller or runner
is studied both experimentally and numerically. First, modal analyses under stationary
(non-rotating) conditions are conducted to identify the natural frequencies and mode
shapes. The structure is then set into rotation and brought to resonance using a piezoelec-
tric actuator, with response measured by the LDV in the stationary frame and by an accel-
erometer installed in the rotating frame. The proposed method demonstrates the feasibility
of accurately extracting mode shapes in complex rotating systems and provides valuable
insights for resonance detection and monitoring of such structures. Limitations and poten-
tial applications of the methodology are also discussed. [DOI: 10.1115/1.4071343]

Keywords: laser Doppler vibrometry, mode shapes measuring, time-domain analysis,
vibration measurements, turbomachinery monitoring, machinery and structural damage
identification, mechanical signatures, modal analysis, structural acoustics

critical structures, such as impellers and runners. In most severe
cases, a structural resonance can be triggered [6-9], leading to

conditions, its actual operation often deviates from these on-design
conditions due to operational requirements or issues during opera-
tion [1-5]. During off-design operation conditions or transient
events, several phenomena can occur, leading to the excitation of

'Corresponding author.

Contributed by the Technical Committee on Vibration and Sound of ASME for
publication in the JOURNAL OF VIBRATION AND Acoustics. Manuscript received
November 4, 2025; final manuscript received February 20, 2026; published online
March 25, 2026. Assoc. Editor: Mostafa Nouh.

Journal of Vibration and Acoustics

Copyright © 2026 by ASME

mechanical failures due to fatigue [10-18]. In order to prevent
these failures, the development of robust measurement and moni-
toring techniques is highly important for assessing the modal
parameters of critical rotating structures and preventing failures.
However, these critical structures are rotating and enclosed, and
the harsh conditions inside their casing, most of the time, can
make direct measurement from the structure extremely challeng-
ing. Optical techniques, which do not require direct contact with
the structure, remain a promising tool for the vibration monitoring
of impellers in turbomachinery systems. Laser Doppler vibrom-
eters (LDVs), in particular, offer the advantage of measuring
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from the stationary frame and requiring only a small spot for mea-
surement, making them noninvasive for the structure. Over the
past few decades, significant advancements have been made in
optical measurement techniques for determining the modal param-
eters of both stationary and rotating structures. To scan and assess
structural modal parameters of stationary structures, laser Doppler
vibrometry and photogrammetry have been widely employed
[19]. Sriram et al. [20] demonstrated the feasibility of measuring
mode shapes and natural frequencies by dynamically gathering
data from multiple locations using an oscillating mirror with an
LDV. Later, Stanbridge and Ewins [21] proposed the continuous
scanning laser Doppler vibrometry (SLDV). By means of continu-
ous circular and straight scan lines, the structural response of a
plate was determined within its whole area. Using the frequency
response of the plate, the mode shapes were assessed. In the same
line, Stanbridge et al. [22] performed an analysis by moving an
LDV in straight and circular paths on a cantilever plate to determine
mode shapes from the natural frequency sidebands. Further
advancements were made by La et al. [23], who proposed a two-
dimensional continuous sinusoidal scanning technique for plates
combined with a Chebyshev series formulation to analyze vibration
mode shapes, achieving good agreement between experimental and
numerical results. This methodology was implemented later by
Stanbridge et al. [24] on a cantilever plate, evaluating factors
like structural continuity, speckle noise, scan frequency, and limita-
tions when scanning curved surfaces. These studies illustrate the
progression of LDV techniques, which have become increasingly
sophisticated for capturing mode shapes in stationary structures,
greatly enhancing operational modal analysis and even damage
detection [25].

For rotating structures, measuring modal parameters is more
complex due to the distinct stationary and rotating reference
frames. Presas et al. [26] explained the additional challenges
posed by rotating measurements, particularly regarding measure-
ment location and rotation speed. Few authors have attempted to
measure modal parameters in rotating structures using LDV. For
instance, Stanbridge et al. [27,28] and Halkon and Rothberg [29]
investigated various techniques for performing LDV scanning on
rotating disks and bladed-disk (BD) structures, including the use
of rotating mirrors and circular scanning methods. They also ana-
lyzed the LDV response in the frequency domain using
the obtained Fourier coefficients, and discussed technical limita-
tions and the influence of factors such as the alignment between
the structural and LDV measurement axes, the positioning of the
mirrors, and speckle noise at high rotational speeds. In the analysis
of bladed structures in air, Gasparoni et al. [30] performed a modal
analysis of a rotating fan using tracking SLDV. In that study, each
blade was scanned at different rotational speeds using a cloverleaf
pattern, which captured the fan bending response under operational
conditions excited by impacts. For submerged bladed structures, on
the other hand, Castellini and Santolini [31] mapped the vibration
levels of an operating naval propeller in water using a tracking laser
vibrometer, identifying the main mode shapes excited during oper-
ation. Abbas et al. [32] measured the natural frequencies of a sub-
merged, rotating propeller by tracking a single point on the blade,
using a set of mirrors to redirect the LDV beam. Although the
vibration mode shape was not determined experimentally in that
study, it was possible to determine the natural frequencies of the
propeller while rotating. The results shown in Refs. [31,32] indi-
cate that the natural frequencies of the propeller do not split due
to rotation, contrary to the effects observed in submerged rotating
disks [33,34], however, no further analysis is provided on the
matter. Lyu et al. [35-37], on the other hand, were able to deter-
mine the natural frequencies and mode shapes of a three-bladed
rotating structure under random excitation. Using a controlled
mirror system, the LDV scanned the motion of the blade along a
one-dimensional path. The LDV was assisted by a camera to
detect the blade limits. This enabled successful blade tracking
and the assessment of natural frequencies and mode shapes,
which showed good agreement with numerical predictions.
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Notably, in the above-mentioned studies [27-32,35-37], there
was a considerable distance between the measured structure and
the sensor, making it possible to carry out a measurement of the
structure by tracking a point and scanning continuously from dif-
ferent trajectories. This could present a limitation if the goal was
to measure the modal parameters of an enclosed rotating structure,
such as an impeller. In this context, Presas et al. [38] studied the
modal parameters of a rotating disk-blades-disk (DBD) structure
within a stationary casing. Measurements were taken in both the
rotating and stationary frames using accelerometers and an LDV,
respectively. The LDV was fixed in space to scan the periphery
of the disk-like structure. Although mode shapes were not extracted
by scanning the entire surface, a thorough analysis of the natural
frequency sidebands was conducted to characterize the diametrical
mode shapes of the structure in the frequency domain, correlating
measurements from both reference frames.

Considering the challenges associated with measuring modal
parameters directly from a rotating machine in operation, the
ability to identify and monitor the excitation of specific mode
shapes becomes highly important [39,40]. Non-contact monitoring
techniques enable real-time insight into the dynamic state of rotat-
ing critical structures, allowing for adjustments to operating condi-
tions that can reduce damage and prevent potential failures. In this
study, a methodology to determine standing mode shapes of rotat-
ing structures and their respective resonance frequencies from the
stationary reference frame is proposed. In contrast to previous
studies, the present work extends the measurement of mode
shapes and resonant frequencies to enclosed rotating structures. It
overcomes the limitations associated with direct measurements
on rotating structures and the challenges of the interpretation in
the frequency-domain sideband analysis by extracting these
modal parameters from the time-domain structural response
acquired in the stationary reference frame. To carry out this
study, the mode shapes and vibration frequencies of various rotat-
ing structures are measured from both stationary and rotating
frames while the structure is in rotation and under a resonant
state. An accelerometer placed on the rotating structure and an
LDV fixed on the stationary frame are used for this purpose.
LDV measurements are taken through a simulated casing
opening, enabling the extraction of mode shapes from the periphery
of the structure.

2 Theoretical Background

2.1 Standing Mode Shapes. A standing wave arises when
two traveling waves of equal amplitude and frequency interfere
while moving in opposite directions. Their energies combine to
create a stable oscillating wave, fixed in space. For vibrating struc-
tures, these standing waves can be seen in their vibration mode
shapes. For a disk-like structure, for instance, standing-wave
mode shapes are characterized by the distribution and number of
nodal lines (zones with no displacement in blue in Fig. 1) and
are dependent on the geometry of the structure and the boundary
conditions imposed on it. For a free disk, the mode shapes (n,s)
dominated by the out-of-plane deformation of the structure are
commonly classified by the number of nodal diameters “n” and
circles “s” (see Fig. 1).

The displacement of the disk in the axial direction (out-of-plane)
can be written as a function of its geometrical features, material
properties, time, and vibration parameters, such as the vibration
mode shape and frequency [41]

w(r, 8, t) = w(r) cos (n0) cos (wt) (D
with
w(r) = (Andn(knsr) + Coly(knsr)) ()

where w is the displacement, r is the radial coordinate, 6 is the
angular coordinate, ¢ is the time, J, is the first-order Bessel
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Fig. 1

function, I, is the first-order modified Bessel functions, A,, and C,,
are constants determined by the boundary conditions imposed on
the disk, w is the natural frequency of the disk in vacuum, and
ks 1s a frequency parameter determined by

hw?
by, =225 3
with
ER3
D_lﬂl—ﬂ) @

where p, is the disk density, / is the thickness of the disk, E is the
Young modulus, and v is the Poisson modulus.

From this point forward, disk-like structures will be used as
examples to explain the methodologies and procedures used in
this work.

2.2 Analysis of Vibrating Structures in Rotation. The anal-
ysis of a rotating structure can be approached from two frames of
reference: the stationary and the rotating frames. To illustrate this
idea, let us consider a disk, with radius R, vibrating at a diametrical
mode shape (n,0) with a frequency w, rad/s, and rotating with an
angular coordinate € at a speed of 2, rad/s relative to the stationary
frame. In this case, the rotating frame is attached to the disk, and
the Z-axis is shared by both the stationary and rotating frames, as
shown in Fig. 2.

If the deformation of the disk is considered only in the Z direc-
tion, the displacement in every point of the disk can be obtained, as
shown in Eq. (1). However, since the mode shape is diametrical,
this analysis can be simplified by studying just the periphery of
the disk. Therefore, the function y(r) can be considered as a cons-
tant by choosing the radial coordinate equal to the radius of the disk
R. Then, Eq. (1) can be written as

w6, t) = w(R) cos (nb) cos (wt)
= A cos (n6) cos 2xf,1)

&)

Rotating frame

wip,t)s

Stationary frame

Fig. 2 Rotating and stationary frames of reference
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Free disk and its first mode shapes: (a) still disk, (b) (2,0), (c) (0,1), (d) (3,0), (e) (1,1), and (f) (4,0)

where A is the vibration amplitude at the periphery of the disk,
and f; is the vibration frequency from the rotating frame point of
view.

To study the displacement of Eq. (5) from the stationary frame,
the rotating frame angular coordinate has to be converted into a sta-
tionary frame angular coordinate. This conversion is given by the
following expression [34]:

p=0+Qt (6)

Then, replacing Eq. (6) in Eq. (5), the displacement in the
periphery of the disk from the stationary frame can be expressed as

wy(@, t) = A cos (n(e — Q1)) cos 2xf,t) @)

which can also be written as

wi(t) = % cos 2a(f. — nQ)t + ne)
(®)
+ %COS Qr(f, + nQ)t — ne)

From Eq. (8), two vibration frequencies can be seen from the sta-
tionary reference frame

fies =f, = nQ )

and

Soms =fr +0Q

A contrast between both stationary and rotating frames can be
graphically done. For this, let us analyze the red point in Fig. 2.
If Eq. (5) is plotted over one revolution of the disk, the time-
domain signal obtained from the rotating frame is a pure cosine
oscillation, as shown in Fig. 3(a), and its frequency spectrum has
only one component corresponding to @,, as shown in Fig. 3(b).
Conversely, if Eq. (7) is plotted over one revolution of the disk,
the time-domain signal obtained from the stationary frame is an
amplitude-modulated (AM) signal, as shown in Fig. 3(c). This
AM signal is composed of a cosine oscillation due to the disk vibra-
tion and a modulation in amplitude corresponding to the diametri-
cal mode shape of the disk while it is rotating with respect to the
stationary frame. For this case, the frequency spectrum of the
AM signal exhibits two components with half of the amplitude
obtained from the rotating frame (as shown in Eq. (8)) and frequen-
cies fi—s and fo_,, as shown in Fig. 3(d).

(10)

2.3 Demodulation of the Response Signal. As previously
mentioned, the vibration signal obtained from the stationary
frame is modulated in amplitude by the mode shape of the
rotating structure while vibrating in resonance, as shown in
Fig. 3(c). Therefore, the extraction of the mode shape from
a vibrating and rotating structure from the stationary frame of
reference is investigated by means of the demodulation of the
AM signal wy(?).

To demodulate wy(f) from the vibration frequency w,, first, the
demodulation v(7) is defined as the multiplication of the AM signal
by the time function of the vibration, such that considering the
phase shift ngp =0

(1) = wy(t) * cos(2zf,t ) (11)
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Fig. 3 Frames of reference for n=3 at a resonance frequency f, =100 Hz: (a) rotating frame
time signal, (b) rotating frame frequency spectrum, (c) stationary frame time signal, and (d) sta-

tionary frame frequency spectrum

Subsequently, v(¢) has been processed through a Butterworth
digital low-pass filter, given by

ﬁ(b(l)v(m) +b2v(m—1) +.

—aQum—-1)—...

u(m) = .+ b(mb + 1)v(m — mb)

— a(ma + Du(m — ma))
(12)

where u values are the demodulation values in the Y-axis after fil-
tering Eq. (11), a and b are coefficients dependent on the filter
requirements, m is the order of the filter, and v values are the
data point of the demodulation function in Eq. (11). The values
of a and b can be determined using a Butterworth filter designer
using the MaTLAB R2024B function butter. This function is depen-
dent on the order of the filter m and the frequency parameter w,,,
defined as

o
"k

where f; is the acquisition frequency. Later, the demodulation of
wq(t) can be obtained. In Fig. 4, both w(), from Eq. (8), and its

“l'

(13)

Amplitude

T1mc (s)

Fig. 4 Amplitude modulated signal for n=3 and its

demodulation
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demodulation u(f) are graphically shown in blue and orange,
respectively. To demodulate wy(f) from the vibration frequency,
the maTLAB R2024B function amdemod is implemented.

2.4 Vibration Frequency Calculation. As aforementioned,
the demodulation process is dependent on the vibration frequency
f. However, this parameter might not always be known and,
depending on the modulation of the signal, could be challenging
to estimate from the stationary frame. For this reason, the extrac-
tion of the vibration frequency from the AM signal is also
investigated.

Typically, the instantaneous frequency f(¢) of a modulated signal
w(t) can be calculated as [42]

_d [ (JHIw )]
f®= 7 (tan <—Ws o >)

where j is the imaginary unit, and H is the Hilbert function, given
by the convolution of the function w;(f) with the signal 1/zt so

(14)

1[® wy(t—1)

Hlw,(0)] =;J . dr (15)

—00
where 7 is the integration variable. However, this calculation is
limited to simple vibration signals and does not have a good perfor-
mance with amplitude-modulated signals with complicated modu-
lations. In this line, using the Hilbert transform H[w,(?)], the
envelope of the w,(7) can be calculated as

e(t) =/ wy(®* + jH[w,()]?

where the envelope e(7) represents only the positive peak values of
wq(t). It is important to notice that to calculate the envelope e()
only the AM signal is needed. This envelope can be calculated
using the MaTLAB R2023B function envelope, as graphically
shown in the orange line in Fig. 5.

Considering that the demodulation of the signal takes the posi-
tive and negative peaks of the AM signal and the envelope consid-
ers only the positive ones, it can be inferred that the absolute value

(16)
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Fig. 5 Amplitude modulated signal for n =3 and its envelope
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of the demodulation u(f) may be equivalent to the envelope e(?),
such that

e(r) = |u@)] an

With Eq. (17), an iterative procedure can be performed to calcu-
late the vibration frequency f, from the modulated signal w(¢). The
calculation routine proposed of this purpose is schematically
shown in Fig. 6.

In this routine, the envelope e(?) is calculated by taking the signal
wy(?) as the input. In parallel, w,(?), the acquisition frequency f; and
an initial value for the vibration frequency f;o are used to calculate
the first demodulation of u(f),_;. Once the vectors corresponding to
e(t) and |u(f);—; | are obtained, the similarity between them is exam-
ined through their collinearity using the cosine similarity. For this,
the cosine of the angle between e(f) and |u(¢),_; | is calculated using
the definition of the dot product [43], such that

e(?) - Ju();|
@I Ilu(@);]1]

where a,|,, is the angle between e(f) and |u(?);|. The more similar
e(?) and |u(?);| are, the smaller is the angle a,;|,, between them, and
therefore, the closer the value of cos (a,,) is to 1. With 1 repre-
senting a perfect collinearity (from herein referred to as similarity).
The calculation process shown in Fig. 6 is repeated for each vibra-
tion frequency f,; in a range from f. to f.r, with the frequency
increasing by Jf, at each iteration. Then, each of the f,; and
cos (ae/j)); values is stored in the vectors f,, and /,, respectively,
until f,, is reached. Once these vectors are obtained, the
maximum value of 4, and its position i in the vector are determined.
Finally, the vibration frequency f, of the modulated signal w(?) is
given by the element with the position i in the vector f, .

Cos (ae/‘,”),- = (18)

S ey M
for: fi = froibfri frg [COS({IQ;_UJ) }_.[ if: fri = fr,j'

P
amdemod }_ = u(t); _]
fr.O

—_—
[rit6fr

Store:

fro = Fri}
Av=(A, cos(ae s

for: i= Llengthid,,

if: Ay (1) = max(A,) ]—-[f (D) ]—fr

False

i+1

Fig. 6 Algorithm to determine f, from w(t)

Journal of Vibration and Acoustics

3 Experimental Procedure

3.1 Experimental Setup. To investigate the determination of
mode shapes and natural frequencies from the stationary frame for
rotating structures, an experimental test rig has been developed (see
Fig. 7(a)). In this test rig, the structure to study (see Figs. 7(b)-
7(d)) is attached to a hollow shaft, which is connected to a variable-
speed electric motor with a transmission belt. The stainless steel
shaft has a length of 350 mm, with an outer diameter of 50 mm
and an inner diameter of 20 mm. This shaft is mounted on a base
using an axial bearing. This base is attached to a pair of rigid
beams that are affixed to a solid wall. The electric motor, on the
other side, is directly fixed to the solid wall, so it is connected to
the rotating structure only by the transmission belt. In addition,
this test rig is equipped with a slip ring, which allows the structure
to be excited and its response to be measured from the rotating
frame while rotating. Pictures of the used test rig and studied struc-
tures are shown in Fig. 7.

In this study, three types of structures are tested: a simple disk
(SD), a DBD structure, and a BD (see Figs. 7(b)-7(d) and Fig. 8).
On the one hand, the SD is made out of structural steel. On the
other hand, DBD and BD structures are made out of stainless
steel. All the structures have an outer diameter of 400 mm. More-
over, the SD and the blades of the BD have a thickness of 8 mm.
Conversely, the DBD structure is made out of two disks and
seven blades with a thickness of 3 mm and 4 mm, respectively.

3.2 Instrumentation and Equipment. To perform the fol-
lowing experiments, the disk has to be excited with different
types of excitations. For this purpose, a light piezoelectric patch
(PZT) P-876.A12 DuraAct Patch Transducers (3.5 g) is attached
to each structure under study. The desired excitation signal is
coded with a computer and loaded onto a National Instruments
9263 signal generator, which produces a voltage output matching
the excitation signal. This output is then sent to an OEMS835
signal amplifier, activating the piezoelectric patch within a range
from —100 V to 250 V, and consequently, exciting the structure.
To measure the response of the studied structure from the rotating
frame, an accelerometer Dytran 3006A, with a sensitivity of
10 mV/(m/sz), is attached to the structure. Conversely, to
measure the response of the structure from the stationary frame,
an LDV Polytec PDV 100 with a sensitivity of 8 mV/(mm/s) is
used. Both excitation and response signals are recorded by a
Briiel & Kjar Type 3053-B-120 acquisition system, using a sam-
pling frequency of 32,769 samples/s. Finally, to drive the shaft
of the test rig, a variable-speed electric motor Mavilor MLV-072
is used. This motor is controlled and stabilized by an Infranor
CDI-a motor driver. A scheme of the instrumentation and equip-
ment used in this work is shown in Fig. 9.

3.3 Experiments

3.3.1 Experimental Modal Analysis. In order to determine the
natural frequencies and mode shapes of the studied structures in a
standstill condition, an experimental modal analysis is carried out.
Due to the physical limitations of the test rig, the response of each
structure is measured with the LDV only at its periphery, in the
points schematically shown in Fig. 10.

Using the PZT, the rotating structures are excited with a chirp
frequency-shaped excitation, ranging from 0 Hz to 1600 Hz (see
Fig. 11). Each excitation lasts 8 s. After this time, the excitation
stops for 4 s, and then the structures are excited again. This proce-
dure is repeated up to five times. In this process, both the excitation
(PZT) and response (accelerometer and LDV) signals are recorded.

3.3.2  Numerical Modal Analysis. Since the experimental
modal analysis is conducted only on the periphery of the studied
structures, a numerical modal analysis (NMA) is also carried out
to validate the experimental modal analysis (EMA) performed
before. This allows for the analysis of not only the mode shape

AUGUST 2026, Vol. 148 / 041015-5



Fig.7 Testrig: (a) test rig used. Rotating structures: (b) disk, (c) disk-blades-disk structure,

and (d) bladed disk.

{a). (b). |

Fig. 8 Tested structures: (a) simple disk (SD), (b) DBD struc-
ture, and (c) BD

on the periphery but also across the entire surface of the structures.
To do this, the modal module of ansys 2020 R2 is used to numer-
ically determine the natural frequencies and mode shapes of the
tested structures. The different geometries are modeled using

meshes of 250,000 elements and a rigid fixed support condition
at the top of the shafts, as indicated in Fig. 12.

3.3.3 Resonance of the Structure in Rotation. After determin-
ing the natural frequencies and mode shapes of interest for all the
structures, these are put in resonance while rotating at rotating fre-
quencies Q of 1, 3, and 6 Hz. Measurements of the response during
the resonant state are carried out within the periphery of the struc-
tures, from both the rotating and the stationary frames (see Fig. 10).
An example of the excitation signal and responses of SD rotating at
3 Hz, detected from both the stationary and rotating frames, is
shown in Fig. 13.

4 Results

4.1 Natural Frequencies and Mode Shapes for Still
Structures. To determine the natural frequencies and mode
shapes of each structure, the time-domain signals obtained for

Computer Acquisition system

Electrical motor driver

Signal

-

generator

Electrical
Rigid motor
wall
Transmission belt

Laser Doppler
el Vibrometer

’7 Voltage
Rigid beam amplifier
2
Rotating structure
; 7
Piezoelectric Patch  Accelerometer

Fig. 9 Schematic connection of the instrumentation and equipment
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(a) Accelerometer (b) (C) LDV mcasgemcntpoints

Fig. 10 Location of the measured points during the EMA:

(a) SD, (b) DBD, and (c) BD
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Fig. 11 Chirp test: (a) excitation signal, (b) response of SD,
(c) response of DBD, and (d) response of BD

the experimental modal analysis were processed using the fast
Fourier transform (FFT). As previously explained, the excitations
lasted 8 s and were repeated five times for each measured point.
For this reason, the time-domain signals from the tests were win-
dowed using a uniform window of 8s. Later, the FFT was
applied to each of the five windows obtained from the original
signal with a frequency resolution of 0.125 Hz, and the resulting
spectra were averaged. The average spectra obtained from each
structure at one single point are shown in Fig. 14.

In Fig. 14(b), the averaged frequency spectrum from the disk
excitation signal is shown. It can be observed that the PZT
excited the disk with a frequency ranging from 0 Hz to 1600 Hz,
as previously mentioned. As the excitation signal is the same for
all the structures, a similar behavior was exhibited by the excitation
frequency spectra from DBD and BD. For this reason and for the
sake of avoiding redundancy, these last spectra are not included
in Fig. 14.
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Fig. 13 Resonance of SD at Q=3 Hz excited at 295.875 Hz:
(a) excitation signal, (b) response from the accelerometer (rotat-
ing frame), and (c) response from the LDV (stationary frame)

Regarding the frequency responses of the studied structures and
the mode shapes of interest for this study, the first three diametrical
mode shapes were studied for the SD (see Fig. 14(b)). In the case of
the DBD, as shown in Fig. 14(c), only the first three diametrical
mode shapes that exhibited an on-phase motion of the upper and
lower disks of the structure were studied (according to the descrip-
tion of Presas et al. [38]). In these modes, the in-phase motion of
the two disks allows the system to be effectively considered as a
single disk. Finally, for the BD, two diametrical mode shapes
and one mode shape with both nodal diameters and a circle were
chosen for study (according to the classification of Moraga et al.
[44]).

By means of NMAs, the EMA on the periphery of the struc-
tures was complemented in order to determine the mode shape
not only in the periphery of the structure but also in its entire
body. In Table 1, a comparison is made between the mode
shapes obtained by the EMA conducted on the periphery of the
structures and the NMA. In order to simplify the nomenclature
for this study, the three studied mode shapes will be called
Mode 1, Mode 2, and Mode 3 for SD, DBD, and BD until the
end of this work.

It can be observed that for most of the cases, an EMA within the
periphery of the structure is enough to determine its mode shape
when these are mainly diametrical. It also can be seen that the rel-
ative error between the experimental and simulated frequencies is
very small in most of the cases, and the mode shapes are very
similar. However, for Mode 3 of the DBD and the BD, the relative
error escalated to 8.5% and 7.6%, respectively. This could be due
to manufacturing and assembling issues of the real structure, which

(©)
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Fig. 12 Mesh for numerical modal analysis: (a) SD, (b) DBD, and (c) BD
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Fig. 14 Spectrums and studied mode shapes: (a) PZT, (b) SD, (c) DBD, and (d) BD

are not considered in the simulation, such as welding, tightness of
screws, and friction.

4.2 Natural Frequencies and Mode Shapes for Rotating
Structures

4.2.1 Frequency-Domain Analysis. As explained before, the
three analyzed structures were put in resonance while rotating,
and measurements from both the rotating and stationary frames
were carried out using an accelerometer and an LDV, respectively.
After recording, the time signal of every case was processed by
means of the FFT, using uniform windows of 8s each. In
Fig. 15, the frequency responses of the structures in resonance at
the different mode shapes and rotating speeds are summarized.
These responses were calculated with a frequency resolution of
0.125 Hz and are shown with respect to a normalized frequency
defined as

f=1
Q

where f represents the X-axis values, and f. is the resonance
frequency.

Due to the normalization of the frequency axis, the response of
the structures at the different mode shapes can be analyzed inde-
pendently of the rotating speed. With this, it can be observed that
the response of the sensor from the stationary frame is influenced
mainly by the structure and its mode shape. In the case of the SD
(see Figs. 15(a)-15(c)), for instance, it can be seen that the peaks
obtained from the stationary frame are separated by +n from the
resonance frequency measured from the rotating frame (consider-
ing n as the number of nodal diameters in the mode shape), as
explained by Presas et al. [26].

fnor =

19)
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It can also be observed that the more complex the structure and its
mode shapes, the more components are detected in the response
from the stationary frame. On the one hand, for the case of DBD
(see Figs. 15(d)-15(f)), four main components, dependent on
both the number of nodal diameters and the number of blades in
the structure, it can be seen (in line with the observations done
by Presas et al. [38]). On the other hand, for the case of BD
(see Figs. 15(g)-15(h)), it can be noticed that its response from
the stationary frame not only depends on the mode shape and the
number of blades but also on the phase shift between the blades.
Mode 2 of BD and Mode 3 of SD exhibited a similar nodal line
distribution, deformation, and response from the stationary frame.
In this case, BD behaved like a simple disk, and only two main
components were detected. Conversely, from Mode 1 of BD (see
Fig. 15(g)), for the same number of nodal diameters as Mode 2
but with a counter-phase motion of the blades with respect to each
other, multiple components were detected from the stationary frame.

It is worthy to mention that although small equidistant peaks are
observed in most of the charts in Fig. 15, these are components of
the rotation speed and could be caused by the unbalance of the rotor
of the test rig.

As shown in Fig. 15, conducting measurements on a rotating
structure from the stationary frame leads to the detection of numer-
ous components in its frequency response. The complexity of the
rotating structure and its mode shapes can make the analysis of
its frequency response from the stationary frame challenging for
the identification of the natural frequencies of the structure. This
complexity may be increased if components from other sources,
such as those from the operation of a nearby machine, are detected.

4.2.2  Time-Domain Analysis. Due to the challenges exposed
in the analysis of the frequency response and the determination

Transactions of the ASME



Table 1 Studied mode shapes and natural frequencies

Mode 2

Mode 1
SD
EMA
SD
NMA 271.470 Hz
Relative error 2.705%
DBD
EMA 295.875 Hz
DBD -
NMA 294.660 Hz
Relative error 0.412%
BD v !

iy e

EMA 676.000 Hz
BD 1

"
NMA 677.510 Hz
Relative error 0.223%

602.625 Hz 1050.875 Hz
601.200 Hz 1050.900 Hz
0.237% 0.002%

349.125 Hz

350.650 Hz 557.710 Hz
0.435% 8.546%

L)

8%

p =
—

680.625 Hz
674.480 Hz 1327.100 Hz
0.911% 7.593%

of the mode shapes of a rotating structure from the stationary
frame, another method was explored. For this, the time-domain
response signals from the rotating structures in resonance were
acquired from the stationary frame and later analyzed. As shown
in Figs. 16(a)-16(c), the AM modulation of the LDV signals was
observed. However, noise and undesired components for this anal-
ysis were also detected. Therefore, the AM signals were filtered
with a band-pass filter, considering a band of f, + 50 Hz.

After filtering, a clearer amplitude modulation of the LDV
signals due to the motion of the periphery of the rotating structure
was obtained (see Figs. 16(d)-16(f) in blue). By applying the
demodulation process described in Sec. 2.3 to the filtered AM
signal, the mode shape of the rotating structure periphery was
determined (see Figs. 16(d)-16(f) in orange).

In the aforementioned procedure, each demodulation was
obtained for a single revolution. Next, to calculate an average
deformation of the periphery and then to obtain the mode shape
of each structure, the demodulations of 20 revolutions were linearly
averaged. This procedure was systematically repeated for all the
tested structures, mode shapes, and rotating speeds. The obtained
averaged periphery deformations for all the structures are summa-
rized in Fig. 17. In this figure, the deformations are shown with
respect to a normalized amplitude A, and a normalized time 7.

Journal of Vibration and Acoustics

On the one hand, the normalized amplitude A,, is given by

A

Anor = A
max

(20)
where A represents the Y-axis values for each demodulation, and
Amax represents the maximum absolute value for each demodula-
tion. On the other hand, the normalized time 7 is defined as

T = ey *

@n

where t., is the X-axis values for a single revolution, and € is the
rotating speed.

In Fig. 17, all measured mode shapes are summarized and com-
pared for each structure at different rotating speeds. The black dots
represent the deformation of the structure at different angular posi-
tions obtained from the EMA. The results shown in this figure indi-
cate that the mode shape at the structural periphery can be
consistently obtained across the tested rotational speeds, with
good agreement between low and high speeds. It can also be
seen that complex mode shapes, such as those from the DBD
(see Figs. 17(d) and 17(e)), may be more challenging to obtain
with the present procedure at high rotating speeds. Therefore,
some differences among the periphery deformation curves

AUGUST 2026, Vol. 148 / 041015-9



Lz _ (©).06 =
ﬁ_‘_g rj&? — ri;
£ £ |2 g
= = | Eo.04 =
S - S
z £ |2 :
R S 1.20.02 k)
8 8|2 8
) o o
< < il <
< S | _ 001 S
£ E |2 =
g ;|2 5
ks E 5 0.005 ks
= S |= =
] ] ]
< - <
0]

r-i_\ h’:q' 5 N"‘
W ,,'Zf o L]
E E|Z4 :
g = & it
2 S| =)
g g |1 g

0 < - 0 <

; 20 0 20 iy
£ fa () fn () - f ()

1 Hz ——— i = b mEmmmm OHz

Fig. 15 Response of the structures in the frequency domain from the rotating frame (black) and the stationary frame (red): (a) SD
—NMode 1, (b) SD—Mode 2, (c) SD—Mode 3, (d) DBD—Mode 1, (¢) DBD—Mode 2, (f) DBD—Mode 3, (g) BD—Mode 1, (h) BD—Mode

2, and (i) BD—Mode 3

(a)
%02
E
20
[*]
=
2.02 . A
- 0.1 0.2
* Time (s)
(d)
7 02}
20
[+
)
; 02 A
0.1 0.2
Time (s)

03

0.3

Velocity (m/s) §
=

'
=

g

(=]

Yo

iHi 1||1 r JM

03

—_—
—

Velocity (m/s) ©

0.3

& i l'l..l 0..2
ﬁ Time (s)

T1me (s)

Velocity (m/s) =

0.1

0.2

03

Time (s)

Time (s)

Fig. 16 LDV signal from one revolution for a rotating speed of 3 Hz at Mode 2 of (a) SD, (b) DBD,
and (c) BD. Filtered LDV signal and demodulation from one revolution for a rotating speed of

3 Hz at Mode 2 of (a) SD, (b) DBD, and (c) BD.

obtained at the different rotating frequencies can be detected for a

single mode shape.

The relative amplitudes measured at each point during the EMA
were compared with those obtained at each angular position for

041015-10 / Vol. 148, AUGUST 2026

different rotating speeds. This comparison is performed using the
cosine similarity, as defined in Eq. (18). For the present case, the
cosine similarity is defined as the cosine of the angle between
two vectors: the vector of normalized relative amplitudes

Transactions of the ASME



(a) 7(-) (b) T(-) (c) 1(-)
0 0.5 1 0 0.5 1 0 0.5 1
| 1 |
. L]
= 0 L0 50
< < <
L)
-1 -1 -1
0 100 200 300 0 100 200 300 0 100 200 300
Angular position (°) Angular position (°) Angular position (°)
(@) T(-) (e) T(-) (f) 1(-)
0 0.5 1 0 0.5 1 0 0.5 1
0 100 200 300 0 100 200 300 0 100 200 300
Angular position (°) Angular position (°) Angular position (°)
) T(-) @) T(-) () T(-)
0 0.5 1 0 0.5 1 0 0.5 1
1
0
<
-1
0 100 200 300 0 100 200 300 0 100 200 300
Angular position (°) Angular position (°) Angular position (°)
® Q=0Hz == Q=] Hz mem Q=3 Hz mmm (Q=6Hz

Fig. 17 Deformation of the rotating structure periphery at different rotating speeds for SD: (a) Mode 1, (b) Mode 2, and (c) Mode
3. For DBD: (d) Mode 1, (e) Mode 2, and (f) Mode 3. For BD: (g) Mode 1, (h) Mode 2, and (i) Mode 3.

Anor0(¢), measured under standstill conditions at different angular
positions (EMA), and the vector, AnorQ(d) measured at the same
angular positions when the structure rotates at angular speed Q
with the mode shape i. Then the cosine similarity for each structure
is given by

Anor0(6); - AnorQ(6);
[1Anor0(0);] || AnorQ(0);||

cos (aAnoroi/AnOrm)struc[ure = (22)

Table 2 summarizes the cosine similarity values described above
for all combinations of structures, mode shapes, and rotating
speeds. It can be observed that the similarity does not fall below
0.88, which indicates a general good level of agreement between
the mode shapes extracted under rotating conditions and those
obtained from the EMA.

Journal of Vibration and Acoustics

By plotting the peripheral deformation curves on a polar plot, the
mode shapes of the structures obtained in rotation can be compared
with those obtained in a standstill condition through modal analy-
sis. In Fig. 18, the results obtained for Mode 2 of each structure
through modal analyses are contrasted with those obtained using
the current method while every structure is rotating in resonance
at 3 Hz. It can be seen a good resemblance among the mode
shapes detected at the standstill condition and those obtained
from the stationary frame while the structure was rotating.

In Mode 2 of DBD (see Fig. 18(h)), there are observable differ-
ences in the zones of maximum amplitude when compared to
Fig. 18(b), which is considered its reference. In these zones, two
of the maximum amplitude areas appear to be split. This issue
could occur during the signal filtering process. The time-domain
signal of the DBD vibrating at its Mode 2 is shown in Fig. 16(b)
where two zones with a characteristic noise can be observed at

AUGUST 2026, Vol. 148 / 041015-11



Table 2 Cosine similarity between the mode shapes obtained at different rotating speeds and those obtained in the standstill
condition (EMA)

Structure Q (Hz) €0S (@Anor01 /AnorQ1) €0S (@Anor02/Anor2) €08 (AAnor03/AnorQ3)
SD 1 0.9929 0.9834 0.9927
3 0.9949 0.9845 0.9925
6 0.9944 0.9807 0.9932
DBD 1 0.9519 0.9801 0.9890
3 0.8874 0.9592 0.9907
6 0.9153 0.9398 0.9959
BD 1 0.9867 0.9725 0.9963
3 0.9874 0.9844 0.9900
6 0.9800 0.9800 0.9850
-_—
CHP ®)
= <
\! o
“
(d) (e)
(9) (h)

Fig. 18 Mode 2 from EMA for (a) SD, (b) DBD, and (c) BD. Mode 2 from NMA for (d) SD, (f) DBD, and (g) BD. Mode 2 obtained from
the proposed methodology at a rotation frequency of 3 Hz: (h) SD, (i) DBD, and (j) BD.

approximately 0.05 s and nearly 0.3 s. However, after the signal Finally, to study the accuracy of determining the natural frequen-
was filtered, these two zones of maximum amplitude were notice-  cies by means of the analysis of their time-domain response, the
ably affected, as shown in Fig. 16(e). This issue was not observed  algorithm schematically shown in Fig. 6 was implemented. With
for Mode 2 of the DBD structure when it was rotating at either 1 Hz  this, the natural frequencies for all the mode shapes were calculated
or 6 Hz, as shown in Fig. 17(e). for different rotating speeds. These frequencies were then

Table 3 Natural frequencies calculated from the time-domain signal for the studied structures

Rotating Mode 1 Mode 2 Mode 3
frequency frequency frequency frequency Mode 1 RE Mode 2 RE Mode 3 RE
Structure (Hz) (Hz) (Hz) (Hz) (%)* (%)* (%)?
SD 1 264.152 602.809 1050.981 1.022x 1072 3.053%x 1072 1.008 x 1072
3 264.141 602.809 1080.987 6.058x 1073 3.053%x 1072 1.065x 1072
6 264.149 602.809 1050.979 9.087x1073 3.053x 1072 9.897x107°
DBD 1 295.905 349.161 605.433 1.013x 1072 1.031x1072 1.008x 1072
3 295.900 349.167 605.434 8.450x 1072 1.203x1072 9.735x 1072
6 295.914 349.154 605.433 1.318x1072 8.306x 1073 9.735x 1073
BD 1 676.076 680.718 1428.019 1.124%x 1072 1.366x 1072 1.008 x 1072
3 676.064 680.695 1428.014 9.467x1073 1.028 x 1072 9.735x 1073
6 676.072 680.674 1428.014 1.065% 1072 7.199%1073 9.735%1073

“RE (%): relative error with respect to the frequencies measured in the EMA.
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compared with those obtained from the EMA. The natural frequen-
cies obtained, along with the relative errors with respect to those
frequencies obtained from the EMA, are summarized for the differ-
ent structures in Table 3. As can be observed, the natural frequen-
cies for each case were calculated with a significantly low error
when compared to the natural frequencies obtained from the
EMA, showing the feasibility of the determination of the natural
frequencies for a rotating structure in resonance with good accu-
racy with the presented methodology.

With the present procedure, it has been demonstrated that the
determination of mode shapes and natural frequencies of a rotating
structure in resonance can be accurately performed from the sta-
tionary frame for the mode shapes that behave as standing waves.

4.3 Relevant Parameters for the Mode Shape Extraction.
In order to determine the limitations of the presented methodology,
the influence of parameters, such as the rotating frequency, the
sampling frequency, and the mode shape, on the demodulation
process, was analytically studied. For this, the response of the
periphery of a simple disk vibrating in resonance at a frequency
f» at a diametrical mode shape n and rotating at a frequency Q
was modeled over the time domain using Eq. (7), considering the
stationary frame perspective. After the response was modeled,
the aforementioned demodulation process was carried out in
order to obtain the mode shape. First, to study the influence of
the rotating frequency, Eq. (7) was evaluated for rotating speeds
from 1% to 100% of f,. Moreover, to study the influence of the
sampling frequency, the modeled signal was generated at a sam-
pling frequency f; from 2.01 to 20 times f,. Then, the demodula-
tions of all the generated signals were compared with a reference
demodulation by means of the examination of their collinearity,
using Eq. (18). The reference demodulation was obtained from a
theoretical response signal at a low rotating speed modeled using
Eq. (7), in order to obtain a high number of vibration cycles per rev-
olution, and generated with a high number of points per vibration
cycle. Therefore, the reference signal rotating speed was chosen
to be at a 1% f, and generated with a sampling frequency of 200
times f,. Lastly, in order to analyze the influence of the mode
shape on the demodulation process, this analysis was conducted
for the same first three diametrical mode shapes studied before
for the SD.

The results from the comparison between each demodulation
and the reference, for every rotating frequency, sampling fre-
quency, and mode shape, are summarized in contour plots in
Fig. 19. As the aim of this analysis is to show the limitations of
the demodulation process, these plots show the similarity
between the demodulation of each signal and the reference for
values ranging from 0.8 to 1, where the performance of the
method is higher, 1 represents the maximum collinearity and,
therefore, the maximum similarity to the reference. These values
are plotted with respect to the ratio between the rotating frequency
and the resonance frequency on the Y-axis, and the ratio between
the sampling frequency and the resonance frequency on the X-axis.

From Fig. 19, it can be observed that as the ratio f; /f, increases,
the similarity between the tested and the reference demodulations
also increases. However, within the zone of rotating frequencies
under 10% f, for every mode shape, it is possible to see that
when the ratio f,/f, reaches values above 3, the similarity
remains at its maximum. Therefore, for rotating speeds lower
than 10% f,, high sampling frequencies are not needed to reach
an accurate demodulation of the AM signal. On the other hand,
regarding the influence of the rotating speed on the demodulation
process, it can be seen that the similarity between the tested demo-
dulation and the reference gradually decreases at rotating frequen-
cies higher than 10% f,. From this point, it can be observed that at
higher rotating frequencies, a higher similarity can be reached by
increasing the sampling frequency. On the other hand, the rate of
decrease of the similitude due to the increasing rotating frequency
is directly influenced by the tested mode shape. When the order of
the mode shapes increases, and therefore, the complexity of the
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Fig. 19 Limitations for the methodology with respect to the
rotating and sampling frequencies for a theoretical SD vibrating
at (a) Mode 1, (b) Mode 2, and (c) Mode 3

amplitude modulation of the signal increases, the rotating speed
range at which the similarity remains high decreases. From
Fig. 19, it can be seen that for Mode 1, the similarity between
the tested demodulation and the reference remained nearly at the
maximum for rotating speeds up to a limit of 50% f,, approxi-
mately, for a sampling frequency of 20 times f,. After this limit,
the similarity drastically decreased. For Modes 2 and 3, the same
behavior was observed at the same sampling frequency.
However, the similarity between the tested demodulation and the
reference, remained nearly at the maximum for rotating speeds
up to 33% f, and 25% f,, respectively, also decreasing drastically
after these limits.
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5 Final Remarks and Domain of Application

Despite the limitations discussed in the previous section, the pro-
posed methodology provides a reliable framework for measuring
the natural frequency and the excited standing-wave mode shape
of a structure in resonance from a stationary frame. As previously
mentioned, the application of this methodology in real turboma-
chinery strongly depends on the ratios f;/f, and Q/f,. Therefore,
the operating conditions of the machine must be considered.

Regarding the measurement of standing mode shapes in rotating
disk-like structures, a potential application of this methodology is
the analysis of centrifugal compressor impellers. Although these
structures operate at speeds ranging from 10,000 rpm to
35,000 rpm, the literature reports natural frequencies between
750 Hz and 5330 Hz [6,45-47]. Based on this information, rough
approximations of the ratio Q/f,, yield values below 30%. Accord-
ing to Fig. 19(a), these values remain within the limit for a lower-
order mode shape. Similarly, for axial flow compressor impellers,
natural frequencies between 1167 Hz and 7106 Hz have been
reported at a rotational speed of 286.47 rpm [48]. In this case,
the ratio Q/f, ranges from 4% to 24.5%, remaining below the
threshold shown in Fig. 19(a) for a low-order mode shape. Thus,
measuring the mode shapes and frequencies of disk-like structures,
such as axial and centrifugal compressor impellers, could be feasi-
ble under the previously mentioned operational and structural
parameters.

Another potential application of this methodology is the mea-
surement of mode shapes and natural frequencies in bladed struc-
tures, such as axial flow fans. Fans with rotational speeds ranging
from 1200 rpm to 2651 rpm have been studied in Refs. [49-51],
reporting natural frequencies of interest between 101.5 Hz and
2190 Hz. For these cases, the ratios Q/f, can be roughly esti-
mated to range from 2% to 24%. Although these values are
still below the threshold shown in Fig. 19(a) for a disk, a
proper analysis of the /f, ratio should be conducted for the spe-
cific bladed structure under study, considering the mode shapes
of interest, the gap between the blades and the signal processing
techniques applied.

Finally, the findings of Abbas et al. [32] and Uslu et al. [52]
suggest that the natural frequencies of a submerged and rotating
propeller are not affected by rotation. Based on this, a potential
application of the proposed methodology is the measurement of
mode shapes and resonant frequencies in submerged bladed struc-
tures, such as marine propellers, which can exhibit Q/f, ratios
between 8% and 16% [52]. Similarly, Valero et al. [53] suggested
a comparable effect in a Kaplan turbine under operation, indicating
that standing-wave mode shapes could be excited during transient
conditions. Reported values for Kaplan turbine runners in the liter-
ature suggest that the Q/f, can be roughly estimated to range from
1% to 9% [53-55].

6 Conclusions

In this work, the determination of mode shapes and resonant fre-
quencies of rotating structures from the stationary frame was
experimentally investigated for three different types of structures:
a simple disk, a disk-blades-disk structure, and a bladed disk.
These structures were mounted in a dedicated test rig to study
their modal behavior while rotating at different speeds. Measure-
ments were performed from both the stationary and rotating
frames using an LDV and an accelerometer, respectively.

To determine the mode shapes and natural frequencies of the
tested structures in a stationary condition, experimental and numer-
ical modal analyses were conducted. Once the mode shapes and
natural frequencies of interest were identified, the tested structures
were put into rotation and brought to a resonant state by means of a
piezoelectric actuator. Under these conditions, the determination of
the mode shapes and resonant frequency was investigated by ana-
lyzing the demodulation of the time-domain response signal
obtained from the stationary frame with the LDV.

041015-14 / Vol. 148, AUGUST 2026

The analysis of the different structural responses in rotation was
performed in both the frequency and time domains. In the
frequency domain, determining the mode shapes and vibration fre-
quency in resonance proved challenging due to the number and dis-
tribution of the components of the structural response spectra,
which depended on the geometry and complexity of the excited
mode shape. Conversely, in the time domain, using the methodol-
ogy proposed in this work, the vibration frequency was calculated
with very low errors when compared to the excitation frequency.
Moreover, by demodulating the structural responses, the mode
shapes of the periphery of each structure were determined accu-
rately and closely resembled those obtained through experimental
modal analysis.

To determine the limitations of the proposed methodology, the
influence of the rotating frequency, sampling frequency, and com-
plexity of the mode shape was analytically studied. It was found
that the structural response demodulation accuracy is highly depen-
dent on the rotating frequency. When the ratio Q/f, increases, the
accuracy of the response signal demodulation decreases. Although
this decrease was mitigated by increasing the sampling frequency,
the ratio Q/f, could only be increased to a certain limit to maintain
good accuracy in demodulation. This limit was determined by the
mode shape, showing that more complex mode shapes reduce the
maximum €/f, value that assures an accurate demodulation.
Finally, the sampling frequency f; showed to be significant for
Q/f. values higher than 10%. However, for values less than
10%, the quality of the demodulations was not significantly influ-
enced by the sampling frequency as long as it was more than three
times the vibration frequency.
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Nomenclature

a
b
e

coefficient dependent on the filter requirements
coefficient dependent on the filter requirements
envelope function of a signal (m)
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frequency vector (Hz)
thickness (m)
position in vector (iteration variable)
imaginary number
= order of the filter
number of nodal diameters
radial coordinate (m)
time (s)
demodulation vector (m)
demodulation function definition (m)
vibration amplitude (m/s)
lower natural frequency from the stationary frame
(Hz)
Jf2.s = higher natural frequency from the stationary
frame (Hz)
= normalized frequency
f» = resonance frequency (Hz)
fs = acquisition frequency (Hz)
I, = first-order Bessel function
J. = modified first-order Bessel function
kys = frequency parameter
t.ey = time vector for a single revolution (s)
w, = frequency parameter for filtering
w, = displacement from the rotating frame (m)
w, = displacement from the stationary frame (m)
Apmax = maximum amplitude (m/s)
A, = constant determined by the boundary conditions
imposed on the structure
Apor = normalized amplitude
Aporo = normalized relative amplitude measured under
standstill conditions at different angular positions
Apore = normalized relative amplitude measured at the
same angular positions when the structure rotates
at angular speed Q
C,, = constant determined by the boundary conditions
imposed on the structure

Be oy S SN
|

>
I

Greek Symbols

a./u| = angle between the envelope and the demodulation
(rad)
Qunorvi/Anor0i = angle between the normalized relative amplitudes
measured in standstill and rotating conditions
(rad)

6@ = angular coordinate from the rotating frame (rad)
Ay = vector to save cos (e/ju);
7 = normalized time
pp = disk density (kg/m®)
@ = angular coordinate from the stationary frame
(rad)
w = radial deformation function (m)
@ = natural frequency (Hz)
w, = natural frequency in vacuum (Hz)
£ = rotating frequency (Hz)
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